
In the equations below, X =

x11 x12
...

...
xN1 xN2

 is a matrix of data points. U =

u11 u12
u21 u22
u31 u32

 ∈
R3×2,b =

b1b2
b3

 ∈ R3,W =
(
w1 w2 w3

)
∈ R1×3, c ∈ R are neural network parameters.

Forward Equations (Vectorized form)

G = XUT + 1bT

H = tanh(G)

z = HWT + 1c

y = σ(z)

Forward equations (Scalar form)

gij = uj1xi1 + uj2xi2 + bj

hij = tanh(gij)

zi = w1hi1 + w2hi2 + w3hi3 + c

yi = σ(zi)

Here, i indexes data points and j indexes hidden units, so i ∈ {1, . . . , N} and j ∈ {1, 2, 3}.

Cost function

E(z, t) = 1

N

[
N∑
i=1

L(zi, ti)

]
L(z, t) = t log(1 + exp(−z)) + (1− t) log(1 + exp(z))



Backward Equations (Scalar form)

E = 1

zi = E
∂E
∂zi

=
1

N
(yi − ti) (see Lecture 4 notes)

wj =

N∑
i=1

zi
∂zi
∂wj

=

N∑
i=1

zihij

c =

N∑
i=1

zi
∂zi
∂c

=

N∑
i=1

zi

hij = zi
∂zi
∂hij

= ziwj

gij = hij
∂hij
∂gij

= hij(1− tanh2(gij)) (check derivative of tanh)

ujk =

N∑
i=1

gij
∂gij
∂ujk

=

N∑
i=1

gijxik

bj =

N∑
i=1

gij
∂gij
∂bj

=

N∑
i=1

gij

As above, i indexes data points and j indexes hidden units, so i ∈ {1, . . . , N} and j ∈ {1, 2, 3}. In
addition, k indexes the data dimension so k ∈ 1, 2.

Backward Equations (Vectorized form)

E = 1

z =
1

N
(y − t)

W = HT z

c = zT1

H = zW

G = H� (1− tanh2(G))

U = G
T
X

b = G
T
1


